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ABSTRACT

Recovering the 21-cm power spectrum from interferometric visibilities requires a faint cosmological signal to be distinguished
from foreground emission many orders of magnitude brighter, after the chromatic instrumental response has mapped both into
highly degenerate structures. Physically motivated Bayesian forward models provide a principled framework for joint inference
and rigorous uncertainty quantification, but can require 10*~10% parameters, rendering posterior exploration and Bayesian-
evidence evaluation computationally prohibitive. We first extend BAyEsEoR beyond its existing tangent-plane foreground
treatment by parameterising wide-field emission directly in the spherical image domain. We then derive a Karhunen—Lo¢ve basis
that preserves the noise-relevant prior-predictive foreground uncertainty by construction, reducing the dense system required
for each marginal-likelihood evaluation. The retained rank therefore directly quantifies the noise-relevant dimensionality of
foreground uncertainty in visibility space. Extending the model across the final 10° in zenith angle to the horizon increases this
dimensionality by a factor of 4.63, demonstrating the disproportionate contribution of near-horizon emission and the need to
propagate its uncertainty in cosmological inference. For full-field analysis, the method reduces the joint coefficient space from
306, 163 to just 9, 551, enabling unbiased power-spectrum recovery and Bayesian-evidence evaluation in just 0.32 GPU-hours,
giving an estimated computational saving of ~ 830 relative to an unreduced GPU-resident implementation. Throughout, we
highlight the importance of Bayesian validation, allowing robust cosmological recovery to be distinguished from apparently
plausible but spurious detections caused by model misspecification.

Key words: methods: data analysis — methods: statistical — techniques: interferometric — dark ages, reionization, first stars —
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1 INTRODUCTION physics governing their evolution from this sparse sample remains

tatistically challenging (f¢ iew, see Stark et al. 2026).
Between the emission of the Cosmic Microwave Background (CMB, statistically challenging (for a review, see Stark eta )

z ~ 1100; Planck Collaboration et al. 2020) and the earliest observed
galaxies (z ~ 14.4; Naidu et al. 2026) a vast interval of cosmic history
remains largely unconstrained by direct observations. The evolution
of the Universe across this interval encompassed some of its most
dramatic transformations and is conventionally described in terms of
three overlapping epochs: the Cosmic Dark Ages (DA, z ~ 1100-
30), during which the first structures formed through the gravitational
collapse of primordial density perturbations (Bernardeau et al. 2002);
the Cosmic Dawn (CD, z ~ 30-10), when the first stars, galaxies and
black holes emerged and began to heat the surrounding gas (Barkana

For nearly half a century, the redshifted 21-cm hyperfine transition
of neutral hydrogen has promised precisely such a probe (Hogan &
Rees 1979; Scott & Rees 1990; Madau et al. 1997). Through its
sensitivity to the density, ionisation state and thermal history of the
IGM, the 21-cm signal probes a uniquely broad range of physics,
from its matter content and expansion history during the Dark Ages
(Bevins 2026) to the Lya coupling, X-ray heating and reionisation
driven by the first luminous sources (for reviews, see Furlanetto et al.
2006; Pritchard & Loeb 2012; Barkana 2016).

Radio interferometry aims to provide access to the three-

& Loeb 2001); and finally the Epoch of Reionisation (EoR, z ~ 10—
6), during which radiation from these early sources progressively
ionised the neutral intergalactic medium (IGM; McQuinn 2016).
Although the James Webb Space Telescope (JWST) has begun to
reveal the brightest individual galaxies emerging towards the end
of this interval, inferring their population-level properties and the
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dimensional fluctuations in the 21-cm brightness-temperature field,
initially through statistical summaries and eventually through tomo-
graphic imaging with the Square Kilometre Array (SKA; Koopmans
et al. 2015). Towards this goal, current-generation experiments such
as HERA (DeBoer et al. 2017), LOFAR (van Haarlem et al. 2013),
the MWA (Tingay et al. 2013) and NenuFAR (Zarka et al. 2015)
continue to advance towards a statistical detection, with recent ob-
servations placing increasingly stringent upper limits on the 21-cm
power spectrum across a broad range of redshifts and spatial scales
(HERA Collaboration et al. 2026; Mertens et al. 2025; Trott et al.
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2025; Munshi et al. 2025). Even in the absence of a detection, these
limits already constrain the thermal and ionisation state of the IGM
and the radiative properties of the galaxies that heated and ionised
it (HERA Collaboration et al. 2023; Greig et al. 2021). Combining
them with complementary probes, including global 21-cm experi-
ments (see Bowman et al. 2018; Singh et al. 2022; de Lera Acedo
etal. 2022; Bull et al. 2025; Bye et al. 2026) and observations across
the electromagnetic spectrum, further sharpens our picture of the
characteristic host halo masses, star-formation efficiencies and emis-
sion properties of the first galaxies (Bevins et al. 2024; Pochinda
et al. 2024; Dhandha et al. 2025; Sims et al. 2025b).

Direct detection nevertheless remains a formidable challenge, pri-
marily due to the presence of astrophysical foregrounds that are ap-
proximately 10%°~10° times brighter than the expected cosmological
signal (Shaver et al. 1999). In an idealised case, component sepa-
ration could simply be achieved through a Fourier decomposition
along the line-of-sight (frequency) axis, in which spectrally smooth
foreground emission would be concentrated within a small number
of low-k || modes, whereas the more rapidly decorrelating 21-cm sig-
nal would be distributed over a broader range of spectral modes (for
a review, see Liu & Shaw 2020). In practice, however, chromaticity
in both the baseline response and the primary beam redistributes
angular structure in the foreground sky into spectral structure within
the measured visibilities (Morales et al. 2012; Shaw et al. 2014;
Liu et al. 2014a), resulting in a characteristic wedge-shaped region
of foreground contamination in cylindrical Fourier space, (k_, k)
(Datta et al. 2010; Parsons et al. 2012; Liu et al. 2014b). This ide-
alised separation is further eroded by wide-field sensitivity to diffuse
emission near the horizon (Thyagarajan et al. 2015), signal-chain re-
flections (Kern et al. 2019; O’Hara et al. 2024) and mutual coupling
between array elements (Rath et al. 2025; O’Hara et al. 2025).

Traditionally, methods developed to mitigate this contamination
can be broadly divided into two approaches (Chapman et al. 2016).
The first, foreground avoidance, restricts the analysis to combinations
of the data expected to contain a comparatively small foreground con-
tribution. This can be achieved through hard cuts or filters informed
by the expected sky and instrumental response (Parsons et al. 2012;
Thyagarajan et al. 2015; Rath et al. 2025), or through statistically op-
timised decompositions that retain modes with high expected signal-
to-foreground ratios (Shaw et al. 2014). Because the contaminated
subspace is imperfectly known, these methods often adopt conserva-
tive selection thresholds, discarding cosmological information and
reducing sensitivity (Pober et al. 2014; Chapman et al. 2016).

The second, foreground removal, seeks to recover cosmologi-
cal information from contaminated modes by explicitly modelling
the foreground contribution. Approaches range from smooth para-
metric functions fitted along individual lines of sight (Liu et al.
2009) to Gaussian Process Regression (GPR). Rather than explic-
itly modelling their physical origin, GPR, a non-parametric Bayesian
framework, separates the components using phenomenological co-
variance kernels chosen to represent their expected spectral coher-
ence (Mertens et al. 2018). The recovery therefore depends on those
adopted kernels, whose misspecification can cause signal loss or bias
the recovered power spectrum (Kern & Liu 2021; Liu et al. 2026).

Given the challenges of cosmological signal extraction, physically
motivated Bayesian forward modelling is emerging as one of the
most statistically rigorous approaches across the field (Anstey et al.
2021; Tutt et al. 2026a). By propagating parameterised sky and in-
strument models through the signal chain to the measured data, these
approaches capture component uncertainties and degeneracies within
a joint posterior. For interferometers, such models now encompass
inference of the 21-cm signal and foregrounds (Sims et al. 2016; Sims
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etal. 2019; Sims & Pober 2019; Burba et al. 2023), calibration (Sims
etal. 2022a,b), primary-beam (Glasscock et al. 2024; Wilensky et al.
2024, 2025; Kern 2025), and signal-chain systematics (Murphy et al.
2024; Dutta et al. 2026).

Combining these components into unified end-to-end frameworks
faces two scaling problems: large data volumes and high-dimensional
models make likelihood evaluation expensive, while the dimensional-
ity and degeneracy of the resulting posterior impede its exploration.
Efforts across the field therefore tackle these challenges from two
complementary directions: reducing model dimensionality and ac-
celerating likelihood evaluation and posterior sampling.

On the modelling side, Kern (2025) developed a mathematical
framework in which adapted angular and spectral bases, together
with delay filtering, provide a compact representation of the sky-to-
visibility mapping, with the corresponding trade-off that cosmologi-
cal information in the filtered low-k| modes is not retained. Alterna-
tively, Kennedy et al. (2023) derived compact bases from simulated
visibility-frequency covariances, although the resulting coefficients
lack direct physical interpretation and the basis, conditioned on a
single sky realisation and beam model, is not guaranteed to span the
full range of plausible foreground responses (Burba et al. 2024).

On the computational side, radio-interferometric inference is par-
ticularly well matched to high-throughput hardware accelerators such
as graphics processing units (GPUs), with forward models domi-
nated by repeated linear-algebra operations that can be evaluated
concurrently across baselines, frequencies and observing times. Kern
(2025) and Tutt et al. (2026¢) have already demonstrated these com-
putational gains in interferometric and global 21-cm inference, re-
spectively. These hardware gains are complemented by modern pro-
gramming frameworks (Bradbury et al. 2018; Paszke et al. 2019),
which enable automatic differentiation through the forward model,
allowing its direct integration with gradient-informed samplers such
as Hamiltonian Monte Carlo (Duane et al. 1987; Neal 2011; Kern
2025). Alternatively, Gibbs sampling enables efficient exploration of
high-dimensional posteriors by successively sampling from simpler
conditional distributions (Kennedy et al. 2023; Burba et al. 2024;
Dutta et al. 2026).

Beyond exploring the joint posterior, such frameworks can, in prin-
ciple, provide access to the Bayesian evidence, an often underutilised
measure of the overall support afforded to a model by the observed
data. Evidence ratios between competing models allow the statisti-
cal preference for a signal detection to be quantified and structure
attributed to the signal to be tested against alternative foreground or
instrumental models (Sims & Pober 2020), while Bayesian valida-
tion frameworks rigorously assess susceptibility to biased recovery
or spurious detections (Sims et al. 2025a).

Access to the Bayesian evidence nevertheless comes at a substan-
tial additional computational cost. For Nested Sampling (Skilling
2006), a commonly employed evidence-evaluation algorithm, this
cost scales as O(Ngim) with sampled dimensionality (Handley et al.
2015), making its implementation impractical beyond ~ 102-103
parameters (Lovick et al. 2026). One route around this limitation is
analytical marginalisation, through which linear model components
can be integrated out exactly, reducing the space explored numeri-
cally while propagating their uncertainty into the marginal likelihood
for the remaining parameters (Luger et al. 2017; Greengard et al.
2022). Although highly effective, applying analytical marginalisa-
tion to such large-scale Bayesian linear inverse problems shifts the
computational bottleneck from posterior exploration to likelihood
evaluation, which requires a dense linear solve scaling as O (N]%Aarg),
with Ny set by either the marginalised parameter dimension or the
data dimension.



In this work, motivated by the wide-field foreground-modelling
requirements identified by Burba et al. (2023, hereafter B23), we
present an extension of BavyesEoR (Sims et al. 2024) that ren-
ders cosmological posterior sampling and evidence evaluation with
physically motivated, wide-field forward models computationally
tractable. Propagating the foreground prior through the physical sky-
to-visibility mapping defines its prior-predictive visibility covari-
ance, whose noise-informed Karhunen-Loe¢ve decomposition yields
a statistically optimal, observation-specific latent representation. The
truncation retains orthogonal modes anchored to their physical sky
and instrumental origins while discarding those whose visibility-
space contributions fall below the thermal-noise level. Distributed
GPU acceleration with JAXMG (Tutt & Wiersema 2026) enables this
basis to be constructed once before inference, with its cost amortised
over all subsequent likelihood evaluations, after which analytical
marginalisation propagates the same noise-relevant foreground un-
certainty as the original physical representation, but at substantially
reduced computational cost. Together, in reducing dimensionality of
full-sky inference by orders of magnitude, these developments render
joint posterior and Bayesian-evidence evaluation practical.

We demonstrate the framework using simulated HERA-like mea-
surements, performing joint foreground and 21-cm analyses to verify
that the reduced representation preserves the information required
for accurate power-spectrum recovery. The resulting posterior and
Bayesian-evidence calculations provide an end-to-end validation of
the theoretical construction and enable direct tests of foreground-
model completeness.

Section 2 describes the simulated HERA-like observations, in-
troducing the instrumental configuration, sky components and their
mapping into interferometric visibilities. Section 3 develops the joint
foreground and cosmological forward model, introducing the mathe-
matical formalism underpinning the statistically optimal latent repre-
sentation and its incorporation into analytical marginalisation. Sec-
tion 4 examines how foreground and cosmological model extent
affect power-spectrum recovery, demonstrates the role of Bayesian
validation in identifying misspecification, and quantifies the com-
putational gains. We then discuss extensions to instrumental uncer-
tainty, learned compression and real observations, before concluding
in Section 5.

2 INTERFEROMETRIC OBSERVATIONS

We first outline the simulated HERA-like observations used to val-
idate the framework, summarised in Figure 1. Sections 2.1 and 2.2
describe the instrumental configuration and adopted sky realisation,
before Section 2.3 introduces the full-fidelity mapping of the sky
through the instrument into simulated visibilities. We adopt an obser-
vational configuration closely matched to B23, enabling a controlled
comparison with that study.

2.1 Instrument Model

The adopted instrumental response comprises two components: the
array and observing configuration (Section 2.1.1), which sets the
baseline, time and frequency sampling, and the primary beam (Sec-
tion 2.1.2), which determines the directional, frequency-dependent
weighting of the sky.
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2.1.1 Array and Observational Setup

We adopt a HERA-like array in the Karoo Desert, South Africa
(DeBoer et al. 2017), comprising 37 antennas arranged on a perfectly
redundant hexagonal grid with a centre-to-centre spacing of 14.6 m.
We hereafter work in the topocentric frame of the instrument, in
which antennas at positions r; and r ; define the physical baseline b; ;
and its corresponding interferometric (u, v, w) coordinate, u;;(v), as

bij=ri-r;,  u;(v)= Ebij = (wij,vijwij) oy
Longer baselines therefore probe progressively finer angular struc-
ture and those sharing the same separation and orientation sample
the same angular Fourier mode on the sky and are hence termed
redundant. Under the idealised instrumental assumptions adopted
here, they therefore differ only through independent thermal-noise
realisations and can consequently be coherently averaged. We retain
the same 30 unique cross-correlation groups satisfying |b;;| < 40
m adopted by B23 to limit computational cost, although overcoming
the dimensionality bottleneck that necessitated this restriction is a
central motivation of the framework developed here.

We consider an unphased zenith drift scan observation comprising
47 integrations of 21.5 s, corresponding to a total duration of ~
16.9 min. The observation contains 39 frequency channels spanning
157.2-160.9 MHz, each with a width of 97.7 kHz. Together with the
30 unique baseline groups, this produces 54,990 complex visibilities.

We additionally inject thermal noise at the level expected after
1,000 h of integration on the same field, modelled as a homogeneous,
zero-mean Gaussian noise with covariance

N=(nn')=c}l, on = 6.464 x 1073 mK s, ?)

where o is the per-visibility noise standard deviation.

2.1.2 Primary Beam Model

We assign each antenna an identical scalar Stokes / primary-beam
power response, P(§, v), modelled using a frequency-dependent Airy
pattern corresponding to a circular aperture of diameter D = 14.2 m.
This provides a first-order approximation to the response of HERA’s
circular dishes (Neben et al. 2016) with the chromatic sidelobe struc-
ture required to fairly study the coupling of wide-field foreground
emission into the measured visibilities.

Together, the longest retained baseline and the Fourier support of
the primary beam determine the finest angular structure to which
the measured visibilities are sensitive. For the adopted configuration,
the nominal Nyquist requirement of an angular resolution finer than
~ 1.1° is satisfied by a HEALP1x grid with Ngq4e = 64. However,
adequate angular sampling does not necessarily ensure sufficient
accuracy in the discretised visibility integral, as demonstrated by
Kittiwisit et al. (2025). We find that Ngge = 128, corresponding to a
characteristic pixel scale of ~ 0.46°, is required for reliable power-
spectrum recovery in the configuration considered here and therefore
adopt this resolution for the forward model.

In this work, we assume a perfectly calibrated instrument. Iono-
spheric effects, radio-frequency interference and additional signal-
chain systematics are neglected, with their incorporation left to future
extensions of the framework.

2.2 Sky Model

The simulated high-fidelity sky is represented by the total-intensity
brightness 7(§, v,t), combining an astrophysical foreground model,
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Irg(8,v,t), comprising diffuse emission, an extensive population
of point sources and a catalogue of bright A-team sources (Sec-
tion 2.2.1) with a cosmological 21-cm brightness field, > (8, v, )
(Section 2.2.2). At each time, a sky direction is represented in the
topocentric frame by the unit vector §(¢) = (I(¢), m(t),n(t)), where
n = (1-12—-m?)'2 over the visible hemisphere. Consistent with
the beam model, we simulate an unpolarised (Stokes 7) sky, although
polarised emission could also be simulated and modelled in this
framework. The observation is centred on HERA Field 1, which
passes through zenith at the centre of the observation, corresponding
to (RA, Dec) = (2h, -30.72°).

In order to assess how the angular extent of the foreground
sky affects model dimensionality and susceptibility to misspecifi-
cation, we generate sky realisations with angular diameters fpg =
20°,40°, ..., 180°. Given the drift-scan observation, each realisation
contains all foreground emission passing within 6gg /2 of zenith over
the duration of the observation. The simulated sky components are
generated at HEALP1x Ngge = 256, thereby providing a stress test
of the Nige = 128 grid adopted by the forward model.

2.2.1 Foreground Emission

The diffuse sky is generated from the 2008 Global Sky Model
(GSM2008; de Oliveira-Costa et al. 2008) using pyGpsm (Price
2016), which we select over its 2016 counterpart (Zheng et al. 2017).
This choice is motivated by recent absolutely calibrated measure-
ments from single-antenna radiometers that identify offset and scale
discrepancies in GSM2016 and indicate that GSM2008 provides a
more accurate absolute temperature scale across the observing band
considered here (McKay et al. 2026; Anstey et al., in prep.).

To introduce realistic compact-source contributions into the sim-
ulated sky, we first generate a statistical population of point sources
from the 154-MHz differential source counts measured by Franzen
et al. (2019) using the GaLactic and Extragalactic All-sky MWA
(GLEAM) survey.! Sources are distributed isotropically, with refer-
ence flux densities, S}s4, drawn from these counts and spectra given
by

Sy =Sis4 a ~ N(-0.8,0.05%). 3)

v [e4
( 154 MHz ) ’
Additionally, the sky’s brightest radio sources are represented indi-
vidually using the A-team catalogue, which provides their positions,
reference flux densities and spectral indices (Hurley-Walker et al.
2017; McKinley et al. 2015). The resulting 180° drift-scan field con-
tains 400,125 statistically generated GLEAM-like sources and four

A-team sources: 3C 444, Pictor A, the Crab Nebula and Fornax A.

2.2.2 Cosmological 21-cm Signal

We simulate the cosmological 21-cm contribution as a three-
dimensional Gaussian brightness-temperature field, sampled through
an independent full-sky map at each frequency channel. Adopting un-
correlated pixel amplitudes with standard deviation 031 = 6.4 mK
gives the flat dimensional power spectrum P (k) = 0'221 Vyox, Where
the comoving voxel volume is

c(l + Zc)2 —47T
Viox = QixAv Dy (ze) To—m o> Qpix = ' *
VOX 1208 M( C)H0V21E(Zc) P 12Ns2ide ( )

! This implementation follows the HERA VALIDATION-sIM prescription; see
https://github.com/HERA-Team/validation-sim.
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Figure 1. Overview of the components of the full-fidelity simulated drift-scan
visibilities, shown in Galactic coordinates (/, b) at the central frequency of
159.082 MHz: (a) the time-integrated response of the 14.2-m HERA-like
Airy beam, (b) diffuse foreground emission modelled using GSM2008, (c)
the statistically generated extragalactic source population and catalogued A-
team sources, and (d) the injected cosmological 21-cm realisation. White
dashed contours in panels (a)—(c) mark the discrete foreground extents, Ogg =
20°,40°, ..., 180°, adopted for the suite of simulations and forward models
to assess the effect of sky extent on model dimensionality and susceptibility
to misspecification.

Here, Dy; denotes the transverse comoving distance and E(z) =
H(z)/Hp. Adopting the cosmological parameters from Planck Col-
laboration et al. (2020) and evaluating at the central frequency,
Ve = 159.082MHz (z. = 7.929), gives Viox = 2.159 x 10> Mpc3.
While Vi is redshift and therefore frequency dependent, across
the relatively narrow observing band considered here it varies
by only ~ 2.5%; we therefore adopt its central-frequency value
throughout. The adopted Gaussian field thus corresponds to Py =
8.84 x 10* mK? Mpc? and the dimensionless power spectrum

3
A2 k—k—ap k—448L K? 5
21 (k) = o Pau(k) = 4. o) M ®)
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2.3 Wide-Field Interferometric Measurement Equation

To motivate the wide-field forward model developed in Section 3,
we first set out the standard interferometric measurement equation,
making explicit the full mapping from sky emission to observed
visibilities which for the simulations used in this work is evaluated
using pyuvsiMm (Lanman et al. 2019).

At its most basic level, an interferometric visibility is formed by
cross-correlating the complex voltage vectors v;(v,t) and v;(v,t)
measured by antennas i and j, respectively, and averaging the result
within each integration and frequency channel to give the visibility
coherency matrix,

Vii(nt) = <v,-(v, v, z)>. ©6)

The power of radio interferometry lies in the relationship between
these voltage cross-correlations and the angular brightness distribu-
tion of the sky, formalised by the van Cittert—Zernike theorem (van
Cittert 1934; Zernike 1938) and its generalisation to the full spheri-
cal geometry of a wide field of view (Carozzi & Woan 2009). Under
the scalar Stokes I assumptions adopted here, this relationship is
expressed by the wide-field measurement equation

Vij (v, 1) =/Q

Here, the primary-beam power response P(§,v) weights the
direction-, frequency- and time-dependent sky brightness (8, v, ),
as defined in Sections 2.1 and 2.2, while the geometric phase
u;j -8 = uj;l +v;jm+ w;;n relates the length and orientation of
each baseline to the angular structure it samples across the celestial
sphere.

To provide intuition for the linear operators adopted by BaAyEsEoR
throughout the remainder of this work, we express the same relation
for a discretised sky of Nyix equal-area pixels,

P(8,v)I(8,v,1) exp [-2miu;;(v) - §]dQ, (D)

vis (7

Npix
Vij(v,1) = 3 FL (L 0PEp(0),9)5,(0), (8)
p=1

where s, (v) is the brightness of fixed celestial pixel p and §,(¢) is
its direction in the topocentric frame at time 7. The remaining term,
Fi;.}p (v, 1), is the full-sky fringe operator, defined as

Fil (1) = AQexp [-2niuij(v) - §(1)] )

where AQ is the solid angle of each pixel. The discretised measure-
ment equation can therefore be written compactly as

m,, = F;thwsV =R,;s,, (10)

where m,,; is the model visibility vector and R,; = F;}PV, is the
combined sky-to-visibility response. Stacking over frequency and
time gives d = Rs + n, where n is the simulated thermal-noise
realisation defined in Section 2.1.1. This linear model forms the
basis of the inference framework developed in Section 3.

3 INTERFEROMETRIC FORWARD MODELS

In this section, we develop the joint Bayesian framework used to
infer the cosmological 21-cm signal in the presence of wide-field
foreground emission, with the complete forward-modelling and in-
ference workflow summarised in Figure 2. We first introduce the mo-
tivation and statistical foundations of physically motivated Bayesian
forward modelling in Section 3.1. Section 3.2 then presents the wide-
field foreground model and the construction of the Karhunen—Logve
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latent representation introduced in this work, together with a discus-
sion of its computational benefits. We outline the existing BAYESEoR
model adopted for the cosmological 21-cm brightness field in Sec-
tion 3.3, before combining both contributions within the analytically
marginalised likelihood used for posterior sampling and Bayesian-
evidence evaluation in Section 3.4. Finally, Section 3.5 outlines the
Bayesian validation framework used to assess the resulting fore-
ground and 21-cm inferences.

3.1 Bayesian Forward Modelling

At its core, physically motivated forward modelling constructs a
generative model, M, that transforms a parameterised description
of the physical system, 6, into a prediction for the observable data,
m(0). Given this mapping, Bayesian inference uses the observed
data to update a prior distribution, 7(6 | M), describing our initial
knowledge, or lack thereof, of the physically realisable parameter
values. The resulting joint posterior, P(6 | d, M), is given by Bayes’
theorem:

L(d| 6, Myn(8 | M)

Zd|IM) '
where the likelihood, £(d | 0, M), quantifies the probability of
obtaining the data for a given parameter realisation under the assumed

noise model. For the Gaussian noise model adopted in Section 2.1.1,
the likelihood for the complex visibility data takes the form

PO |d M) = 11)

Ld]|OM) = exp [~ (d -m(8))" N (d - m(6))],

12)

Na det N

where Ny is the number of complex visibilities and N is their noise
covariance. Finally, Z(d | M) is the Bayesian evidence, which
quantifies the overall support afforded to a model by the observed
data:

Z@d|Mm) = / L(d |0, M)n(0 | M)de. (13)

Although the measurement operator introduced in Section 2.3 maps
a discretised sky to the measured visibilities, assigning an inde-
pendent parameter to every pixel and frequency channel produces a
prohibitively high-dimensional inverse problem with no intrinsic dis-
tinction between foreground and cosmological structure. We there-
fore seek physics-informed compact parameterisations that preserve
each contribution’s physical mapping into the data while enabling
joint, tractable inference of their structure and degeneracies.

3.2 Wide-field Foreground Models
3.2.1 Beyond Flat Sky Approximations

Previous implementations of BAYESEoR have parameterised the in-
trinsic foreground structure on a rectilinear uv grid, corresponding
to Fourier modes defined on a tangent plane. The resulting modes
are mapped into the image domain through a two-dimensional dis-
crete Fourier transform (F”), weighted by the primary-beam operator
(P), and finally propagated to the sampled visibilities through a non-
uniform Fourier operator (F~!) (Sims et al. 2019; Sims & Pober
2019; Burba et al. 2023). This construction is, however, only mathe-
matically valid under the flat-sky approximation, for which the field
of view is sufficiently narrow that the non-coplanar phase term can

be neglected, (V1 — 12 —m? — 1)w =~ 0.

To address the wide-field modelling requirements identified by
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Figure 2. Schematic of BAYEsEoR’s joint forward model and inference workflow. The Fourier-domain 21-cm coefficients, @, and image-domain foreground
coeflicients, g, are transformed into a shared sky model, weighted by the primary beam and mapped to the sampled visibilities for comparison with the observed
data. Their covariance priors enable analytical marginalisation of the linear coefficients, leaving only the 21-cm power-spectrum amplitudes, ¢, to be explored
with Nested Sampling, which enables simultaneous posterior power-spectrum exploration and the Bayesian evidence evaluation. The illustrative Fourier-domain

cubes were generated from a 21cMSPACE simulation (Cohen et al. 2018).

(B23), we instead parameterise the foreground brightness directly,
pixel by pixel, on a spherical image-domain grid. The primary beam
and full three-dimensional fringe response can then be applied di-
rectly to the physical foreground sky, removing the initial tangent-
plane transform, F’, and simplifying the original BavyEsEoR fore-
ground operator, Trg.

To inform the model of the contrast required to distinguish fore-
ground emission from the more rapidly decorrelating cosmologi-
cal 21-cm signal, we exploit the smooth spectral structure of low-
frequency foreground emission. At the frequencies relevant to the
DA, CD and EoR, the foreground sky is dominated by Galactic dif-
fuse and extragalactic synchrotron emission (Rybicki & Lightman
1979; Santos et al. 2005; Robins et al. 2026), both of which vary
smoothly across the relatively narrow observing band. Following
Sims & Pober (2019) and B23, we therefore model the foreground
brightness in pixel p as

v BGDSE v BEGS
svG,p (Viqp) = qo.p + q1,p (V_o) +q2.p (V_o) , (14)
Here, vo is the reference frequency, while Sgpsg = —2.63 and
Becs = —2.82 are spectral indices for Galactic diffuse synchrotron

emission and extragalactic radio sources, respectively (Mozdzen et al.
2017; Lane et al. 2014). The vector q,, = (90.p»q1.p-42.p)" con-
tains the corresponding basis amplitudes in pixel p. Substituting it
into the discretised wide-field measurement equation, the contribu-
tion of pixel p to the foreground visibility measured by baseline i
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at frequency v and time 7 is

m](:lgfij(v,t; qp) = AQ exp [—27riuij(v) . §p(t)]

X P(8p (1), v)src,p(viqp)s

15)

The pixel solid angle, primary-beam response and full-sky fringe
term are defined in Section 2.3. Since both the spectral function
and its instrumental mapping are linear in the coefficients, summing
over all pixels and stacking the resulting visibilities across baselines,
frequencies and times gives the single linear model

mrc(g) = F'PQ.q = Trsq. (16)

Here, g concatenates the amplitudes of each spectral component
across all Npjx image-domain pixels, while Q, applies the spectral
basis of Equation 14, such that the full foreground operator has
dimensions

Trg € CNaXNFG param | Ng = NyiN,N;.

a7

NEG, param = 3Npi)u

Following the discussion in Section 2.1.2, the foreground model is
evaluated on a HEALPix grid with Ngj4. = 128. Mirroring the simu-
lated foreground skies described in Section 2.2, we construct corre-
sponding models with angular diameters g = 20°,40°,...,180°.
As shown in the lower panel of Figure 4, the resulting dimensionality
reaches NgG param = 300, 767 foreground parameters for the full 180°
drift-scan field. We additionally adopt a broad Gaussian prior,

(@) = NO.E,), %, =diag(o7LotLa3l), (18)



with standard deviations
(00,01, 0%) = (8.7, 2.5%x 10, 1.4 x 10°) K. 19)

We highlight that the prior adopted in this work is spatially unin-
formative and encodes no knowledge of the physical morphology of
the diffuse foreground emission or the locations of bright extragalac-
tic sources. Instead, its width is set by the overall variation of each
foreground component across the sky, with this variation treated as
uncertainty in every pixel amplitude. This deliberately conservative
choice provides a stringent test of the method but is not required by
the KL construction, as discussed further in Sections 3.2.2 and 3.2.3.
Assigning the same prior uncertainty to every pixel does, however,
make the resulting basis and latent compression independent of the
drift-scan field centre, allowing them to be reused across observa-
tions with the same instrumental configuration, modelled foreground
extent, temporal and frequency sampling, and noise weighting.

3.2.2 Karhunen—Loéve Latent Space

Given that the foreground amplitudes are analytically marginalised
rather than sampled directly, the inference depends on the uncertainty
they induce in visibility space rather than their individual values. As
formalised in Section 3.4, this dependence is encoded through the
prior-predictive visibility covariance

Cr = TrZ T} (20)

Consequently, the original foreground parameterisation need not be
retained explicitly during inference; only a basis spanning the fore-
ground covariance must be preserved (Figure 3), with the minimum
number of modes set by the covariance rank:

rrG = rank(Cgg) = rank (TFGz}/Z) < min(Ng, NrG param)-  (21)

An exact latent representation therefore requires no more than
min(Ng, NFG,param) independent modes. Its likelihood-evaluation
cost is consequently bounded by that of related covariance-based
methods and is typically reduced further by degeneracies in the
physical mapping. The resulting computational gains are discussed
in Section 3.2.4.

These degeneracies are, however, difficult to identify a priori be-
cause the chromatic primary beam and fringe response produce a
complex mapping from angular and spectral foreground structure
across the sky into visibilities sampled over baselines, frequencies
and observing times. Compact representations are therefore com-
monly learned from forward-model simulations. In interferometric
analyses, PCA modes have been derived from the frequency covari-
ance of a single simulated visibility realisation (Kennedy et al. 2023;
Burba et al. 2024). Related global 21-cm methods instead construct
bases from ensembles of foreground and instrumental realisations
(Tauscher et al. 2018; Hibbard et al. 2020; Saxena et al. 2023).

Alternatively, deep generative models such as variational autoen-
coders (Kingma & Welling 2019) have been previously utilised to
learn nonlinear representations, such as simulation-informed 21-cm
covariance kernels for GPR (Acharya et al. 2024). Although poten-
tially compact, the ability of both PCA- and VAE-derived represen-
tations to span the full foreground uncertainty in visibility space
depends on the simulations used in their construction and cannot be
quantified analytically. VAEs introduce further dependence on the
adopted architecture and optimisation, while their nonlinear map-
pings do not preserve the structure required for exact analytical
marginalisation.
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We therefore address this large-scale Bayesian linear inverse prob-
lem using a prior- and noise-informed Karhunen-Loéve decompo-
sition, which provides a statistically optimal linear representation of
the foreground covariance accessible to the observation (Karhunen
1947; Loeve 1945; Tegmark et al. 1997; Spantini et al. 2015). We
first weight the physical foreground mapping by its prior covariance
and noise-whiten its visibility-space response. The KL basis can
then either be constructed directly through the SVD of the resulting
operator,

A =N""2Tggx)/? = USVY, (22)

where each column of V describes an orthonormal combination
of foreground coefficients scaled by their prior standard deviations,
while the corresponding column of U describes its noise-whitened
visibility-space response. The singular values in S quantify their
foreground amplitudes relative to the thermal noise. Alternatively,
this can be achieved through an eigendecomposition of the Hermitian
positive-semidefinite prior-predictive covariance in noise-whitened
visibility space,

Crg.w = NV2CpgN71/2 = AAT = U'A'U™T, (23)

where the columns of U’ are the covariance eigenmodes and the
non-negative diagonal elements A; of A’ give their prior-predictive
variance relative to the noise.

The mathematical equivalence of the operator and covariance for-
mulations, and hence their visibility-space bases, can be trivially
demonstrated by:

CFG,W = AA-’L
= Usvivsu’ 24
= US*U".

Comparing this expression with Equation 23 gives U’" = U and
A’ = §?, confirming that both constructions recover the same
visibility-space basis. We hereafter drop the primes and denote the
common basis and variance matrix by U and A. The preferred for-
mulation is determined by the dimensions and associated require-
ments of keeping the matrix being decomposed in memory. The
operator formulation (Ng X NFG,param) 18 generally preferred when
NEG,param < N4, whereas the covariance formulation (Ng X Ng) is
preferred when NgG, param > Ny.

Regardless of the formulation adopted, the noise-whitened eigen-
values allow the statistical effect of truncating the basis to be quan-
tified directly (Zhou et al. 2018). With the eigenvalues ordered from
largest to smallest, retaining only the first » modes discards a total
prior-predictive foreground variance };., A; in noise-whitened visi-
bility space. We therefore choose the smallest retained rank satisfying

12

<f, (25)

erms (1) =

w2

i>r

Here, Nietained = 1, While f specifies the maximum discarded RMS as
a fraction of the thermal-noise RMS. We adopt f = 0.1 throughout,
with the resulting dependence of the discarded RMS on retained rank
shown in the upper panel of Figure 4.

Having fixed r through this criterion, the retained modes define
the reduced foreground operator

Tr, = N'2UA}2, (26)

whose latent coefficients have a standard-normal prior. The trun-
cation criterion guarantees that the retained foreground covariance,
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TFG,,T;GJ = Cl(FrG), captures the full prior-predictive foreground
uncertainty to no greater than f times the thermal-noise level. As
illustrated in Figure 3, the physically motivated parameterisation
and the standard-normal latent representation therefore provide two
routes to the same noise-relevant prior-predictive covariance, such
that the reduced operator can reliably replace the original fore-
ground model within the analytically marginalised likelihood. This
sensitivity-based truncation can reduce Nyetined below the algebraic
upper bound established in Equation 21, providing the additional
computational gains discussed in Section 3.2.4.

We highlight that the spatially uniform foreground prior and ho-
mogeneous noise adopted here are not requirements of the construc-
tion. Any non-uniform or correlated prior structure, inhomogeneous
noise or visibility coverage modified by missing or flagged data can
be incorporated directly into the decomposition. The resulting ba-
sis therefore can remain truly informed by both degeneracies in the
physical mapping and the sensitivity of each measured visibility.

The application of KL decompositions to 21-cm foreground mit-
igation is itself not new, with previous work using assumed signal
and foreground covariances to construct modes for foreground fil-
tering (Shaw et al. 2014). Here, however, both the retained modes
and their variances are derived directly from the full prior-predictive
covariance generated by the physically motivated sky-to-visibility
mapping. This allows foreground uncertainty rooted in its physical
sky and instrumental origins to be propagated into posterior infer-
ence of the 21-cm signal and Bayesian-evidence evaluation through
a statistically optimal latent representation.

3.2.3 Wide-Field Foreground Compression

Figure 4 shows the statistically optimal reduction in foreground di-
mensionality achieved across the fields of view considered here,
conditioned on the physically informed, observation-specific sky-
to-visibility mapping and the adopted foreground prior and noise
covariance. For the largest fpg = 180° model, the representation
collapses from NG, param = 300, 767 parameters to Nietained = 4, 155
modes, a decrease of ~ 98.6%, with the corresponding savings in
likelihood-evaluation time and memory discussed in Section 3.2.4.
We highlight that this compression is achieved despite the broad,
spatially uninformative foreground prior adopted here. A more in-
formative construction could introduce pixel-dependent uncertain-
ties informed by existing knowledge of the diffuse foreground mor-
phology and bright-source locations, analogous to the informed sky
priors used by BAYEsCaL (Sims et al. 2022a). By suppressing vari-
ance along physically implausible directions, such a prior would be
expected to move additional visibility-space modes below the noise-
relative truncation threshold and reduce Nyepined further, an extension
left to future work.

A notable feature of Figure 4 is the sharp increase in retained
rank from 898 to 4,155 modes as Org is extended from 160° to
180°, far exceeding the gradual growth observed across the smaller
fields of view. The horizon response is conventionally characterised
through the power it introduces: baseline foreshortening enhances
sensitivity to large-scale diffuse emission near the horizon, which
the chromatic primary beam and frequency-dependent fringe phase
then map to the edge of the foreground wedge (Thyagarajan et al.
2015; Lanman et al. 2020). The retained rank instead quantifies the
number of independent visibility-space modes required to represent
uncertain horizon emission at the adopted noise-relative accuracy.
With the same prior uncertainty assigned to every pixel, its growth
reflects the additional structure introduced by the sky-to-visibility
mapping, conditioned on the adopted prior and noise level, rather
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than the brightness of a particular sky realisation. The sharp increase
therefore indicates that horizon emission requires many additional
such modes, which a model truncated below the horizon cannot
span, as demonstrated in Section 4.1. Although the horizon response
is well established through simulations, to our knowledge this is
the first direct statistical quantification of this additional complexity,
further motivating rigorous propagation of wide-field foreground
uncertainty through cosmological inference.

3.2.4 Comparison with Gaussian Process Regression

To place the computational advantages of the latent representation
in context, we compare its requirements with those of analytical
marginalisation over the original basis and GPR, another widely
used approach to foreground modelling in 21-cm cosmology. All
three ultimately incorporate foreground uncertainty through a co-
variance contribution to the likelihood, although GPR specifies this
covariance phenomenologically rather than deriving it from the phys-
ical sky-to-visibility mapping. Figure 3 illustrates how this mapping
generates covariance across frequency, baseline and observing time.
GPR implementations typically adopt stationary frequency kernels
applied independently to each visibility spectrum (Mertens et al.
2018), which do not capture this full structure and can therefore lead
to signal loss, biased power-spectrum recovery or spurious detections
(Kern & Liu 2021; Liu et al. 2026).

Irrespective of how the covariance is constructed, likelihood eval-
uation in each case is dominated by the factorisation and solution
of a dense Hermitian positive-definite system. Analytical marginal-
isation can be evaluated either in parameter space, through an
NEG, param X NFG,param System, or in data space, through the Ng X Ny
prior-predictive covariance. The computationally preferable formu-
lation therefore has dimension min(NgG, param, Na), While a conven-
tional dense GPR likelihood is evaluated through its Ng X N4 data
covariance. Since dense Cholesky factorisation scales as O(N?),
the bound Nietained < Min(NgG param» Nd) guarantees that the KL
marginalised likelihood requires no larger a factorisation, with de-
generacies in the physical mapping and the statistically controlled
truncation generally providing significant computational advantages.

For the full 180° configuration considered here, NgG param =
300,767 > Ng = 54,990, such that analytical marginalisation over
the original foreground basis is most efficiently evaluated in data
space and requires the same system dimension as a dense GPR
likelihood. The KL representation instead retains Nyetained = 4, 155
modes. The corresponding complex128 matrices alone require ap-
proximately 48.4 GB and 276 MB, respectively, while their cubic
scaling implies a nominal reduction in factorisation time of approxi-
mately 2.3 x 103,

It is important to acknowledge that these gains require the KL
basis to be constructed before inference. For the largest configura-
tion considered here, we construct this basis through the covariance
formulation, for which forming and eigendecomposing the dense
N4 X N4 covariance takes only ~ 80 s on four H100 GPUs using
the JAXMG syevd routine, the scaling of which is characterised in
Tutt & Wiersema (2026). This modest one-time cost is rapidly amor-
tised over the repeated likelihood evaluations required for posterior
sampling and Bayesian-evidence evaluation.

3.3 21-cm Brightness Field Models

Having defined the image-domain foreground model in Section 3.2,
we now describe the parameterisation adopted for the cosmological
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21-cm brightness contribution. Although several physically moti-
vated bases are possible, BAYESEoOR represents this field on a rec-
tilinear three-dimensional Fourier grid (Sims et al. 2019; Sims &
Pober 2019; Burba et al. 2023). This representation exposes the line-
of-sight spectral structure that distinguishes the 21-cm signal from
smooth foreground emission, while providing a direct correspon-
dence between the model coefficients and the cosmological power
spectrum we seek to recover.

The complex Fourier amplitudes, a, are defined in («, v, i) coordi-
nates, where u# and v describe transverse angular Fourier modes and
n is the Fourier dual of observing frequency, related to cosmological
Fourier modes by

2nu
ky = ——,
DM(ZC)
2
ky = —2 7
Dwm(zc)
2nHov21 E (zc)
ky = ——————
c(1+2ze)

Where this conversion is evaluated at the central redshift, z., with Au
and Av set by the reciprocal angular dimensions of the 21-cm model
field of view and A = B! by the observing bandwidth, B.

The mapping from the Fourier coefficients to the model visibilities
can similarly be understood as a sequence of linear operations: first,
F, transforms the line-of-sight modes from 7 to frequency, before F’
maps the transverse (u, v) modes into the image domain. The result-
ing brightness field is then weighted by the primary-beam operator,
P, and propagated to the sampled visibilities by F~! through the full
three-dimensional interferometric response.

For a single coefficient, a,, located at (u,, v, 1,-), its contribution
to the visibility measured by baseline ij at frequency v and time ¢ is
thus,

Npix,21
m;’)t.j(v, t;a,) = Z AQ exp [-2miu;; (v) - §,(1)]
p=1
X P(8(1),v) (28)
X Au Av exp [27ri(urlp + vrmp)]
X An exp [2rxin, (v — ve)] ar.

Table 1. Dimensions of the cosmological 21-cm models considered in this
work as a function of model field of view. Each uses N;; = 39 line-of-sight
modes.

921 Nu Nv N21,param
5° 9 7 2,356
10° 13 11 5,396
15° 17 15 9,652
20° 21 19 15,124
25° 25 23 21,812

Summing over the 21-cm coefficients and stacking the resulting visi-
bilities across baselines, frequencies and times gives the linear model

mai(a) = F'PF'F,a = Ty a. (29)

The total number of independent 21-cm parameters is therefore set
by the dimensions of the transverse and line-of-sight Fourier grids.
After excluding the transverse monopole and the = 0 mode, this
becomes

N21,pa.ram = (Nqu - 1)(N7] = 1). (30)

Whereas bright foreground emission remains significant through
the primary-beam sidelobes, sensitivity to the much fainter cosmo-
logical 21-cm signal is concentrated near the phase centre, allowing
its model to cover a smaller field. We test this approximation using
full angular diameters 61 = 5°,10°,...,25°, defined over the drift
scan in the same manner as the foreground fields in Section 2.2.
The drift scan extends these regions in right ascension at fixed dec-
lination, giving N,, > N,,. The corresponding model dimensions are
listed in Table 1.

Given that a statistical detection of the 21-cm signal concerns the
power within each k-space bin rather than a particular brightness-
field realisation, we seek to infer the distribution of the Fourier am-
plitudes rather than their individual values. The cosmological coeffi-
cients, a, are therefore analytically marginalised rather than sampled
directly, while the power-spectrum amplitudes defining their prior
are retained as sampled hyperparameters. Assuming that the 21-cm
brightness field is statistically homogeneous and isotropic, the prior
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Figure 4. Statistical control of foreground compression through the noise-
relative KL truncation. The upper panel shows the discarded foreground
RMS relative to the thermal-noise RMS as a function of retained rank for
six representative fields of view, with the dashed line marking the adopted
threshold, f = 0.1. The lower panel shows the resulting dimensionality
of the original physically rooted pixel basis (blue) and statistically optimal
Karhunen-Logve representation (red) across the foreground-model fields of
view. Its dashed line denotes the dimensionality of the measured visibility
vector, Ng = 54, 990.

variance of each coefficient depends only on

ki = \Jk2 K2+ k2 @31

The modes are therefore grouped into spherical k-space bins, with
each bin, s, assigned a power-spectrum amplitude, ¢; = A%l (ks),
that sets the prior variance of its Fourier coefficients. Denoting the
bin containing mode i by s(i) and taking distinct Fourier modes to
be uncorrelated, the prior covariance of a is

(@as) = (@)1, = ey (32)

For sampling, we express the power in each bin through the loga-
rithmic amplitude

— Ps
Ps =10g10 (m), (33)
to which we assign the independent uniform priors listed in Table 2.

For the configurations considered here, the 21-cm model does not
represent a significant computational bottleneck, and we therefore
retain its full physically motivated basis during inference. Future

analyses incorporating longer baselines will require finer transverse
Fourier sampling and substantially larger 21-cm parameter spaces,
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Table 2. Sampled 21-cm power-spectrum parameters and their adopted prior
ranges. Each kg denotes the mean | k| of the Fourier modes assigned to bin s.

Parameter kg [Mpc™!] Prior on py
©o 0.1 U(-0.9, 3.1)
@ 0.2 U (0.0, 4.0)
@ 0.3 U(0.5, 4.5)
@3 0.4 U(0.9, 4.9)
o 0.5 U(1.3, 5.3)
s 0.7 U(1.7,5.7)
©6 1.0 U(2.1, 6.1)
w7 1.4 U(2.5, 6.5)
w3 1.8 U(2.8, 6.8)

for which the KL decomposition can be applied independently within
each k-space bin. This would compress the prior-predictive 21-cm
covariance while retaining the power-spectrum amplitudes, ¢, as
sampled hyperparameters, providing a statistically optimal latent
representation of all sky components within the joint inference. The
numerical implementation of this approach is left for future work.

3.4 Joint Inference

Having defined the foreground and 21-cm contributions indepen-
dently, their combined propagation to the measured visibilities within
the joint model, M>+FGs, can simply be expressed as the sum of the
two linear models,

m=Tya+Trgqg =F 'P(FF,a+Q,q). (34)

For the purposes of inference, the foreground contribution can
be represented using either the original operator and coefficients,
(TkG, q), or their compressed KL counterparts, (Trg ,, g,). Denot-
ing either pair by (Tf;,¢’), the joint forward model can then be
written as a single linear operator over the concatenated coefficient
vector, b’:

’ ’ a
m=Tya+Trq = [Ta Thgl (q,) ‘ 35)
R e s
T/ b/
The mathematical form of the analytically marginalised likelihood
remains unchanged between these representations, which differ only
in dimensionality and in the foreground block of the block-diagonal
Gaussian prior covariance,

®(p) 0 ) (36)

vo-("

For the original representation, X, = X,, as defined in Sec-
tion 3.2.1, whereas the retained coefficients in the compressed KL
representation have a standard-normal prior, Z;G = IN, e DY CON-
struction through Equation 26. The 21-cm prior covariance, ®(¢p),
is common to both and remains defined by the power-spectrum am-
plitudes, ¢.

The foundation of this approach is the marginalisation of the indi-
vidual foreground and 21-cm coefficients, b’, under their joint Gaus-
sian prior with covariance W’ (¢). Integrating over these coefficients
propagates their uncertainty and degeneracies into the inference with-
out requiring their individual values to be sampled:

L(d | o, Ma14FGs) = /L(d | b, Mai4kGs)
x (b’ | ¢, Mai1rGs)db’.

(37



Because the forward model depends linearly on " and both the
prior and visibility likelihood are Gaussian, this integral can be eval-
vated analytically (Luger et al. 2017; Greengard et al. 2022; Sims
et al. 2019; Sims & Pober 2019; Burba et al. 2023) through:

exp [—dTN‘ld +d ! (go)z]

d )= , 38
L(d | ¢, Ma1+rGs) e detN det ¥’ () detZ(p) (38)
where

(@) =T 'N'T + [W(p)]', d=T'N'd. (39)

Although the foreground and 21-cm coefficients no longer enter
the sampled parameter space, each marginal-likelihood evaluation
is dominated by the dense linear system

Z(p)b (p) = d, (40)

The factorisation required to evaluate its determinant and the asso-
ciated quadratic form in Equation 38 constitutes the principal com-
putational cost. We use the MuLTINEsT implementation (Feroz et al.
2009) of Nested Sampling (Skilling 2006) to explore the posterior
over the logarithmic power-spectrum amplitudes, p, adopting the pri-
ors listed in Table 2, while simultaneously evaluating the Bayesian
evidence,

2214FGs = / L(d | p, Maisrcs)m(p | Marsrcs)dp. 41)

Throughout this work, we also evaluate a foreground-only model,
Mg, both to investigate the foreground models developed here in
isolation and to provide the null hypothesis against which the joint
analyses are assessed within the Bayesian validation framework de-
scribed in Section 3.5. Marginalising over its foreground coefficients
leaves no remaining hyperparameters to be sampled, such that the
evidence is given directly by the fully marginalised likelihood,

Zr = / £(d | ¢'- Mec)n(q’ | Msg)dg'. 42)

Applying the same mathematical construction used to obtain Equa-
tion 38 gives

exp [—d*N’ld + E;Gz;éﬁm]

= 43
2K6 = N Qe N detZp, det Zrg @3
where

Trg = TN "Th + (Brg) s drg = T,N"'d. (44)

Although no posterior sampling is required for this model, the
maximum-a-posteriori foreground coefficients and corresponding
model visibilities can still be recovered as

-~/

7 =XIibdr, v = T (45)

3.5 Bayesian Validation

We finally briefly summarise the Bayesian validation framework
adopted in this work to assess the wide-field foreground model de-
veloped in Section 3.2 alongside the 21-cm model described in Sec-
tion 3.3. Such validation is essential for a trusted detection in 21-cm
cosmology, where a faint cosmological signal must be distinguished
from far brighter and structurally degenerate foreground and instru-
mental contributions. Model misspecification can otherwise leave
residual structure that is absorbed by the cosmological component,
producing spurious detections. For a more detailed discussion of the
BaNTER framework and its application to 21-cm inference, we refer
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the reader to Sims et al. (2025a), Liu et al. (2026) and Tutt et al.
(2026¢).

The framework combines three complementary checks: statistical
support for a signal, susceptibility to spurious detection and consis-
tency of the fitted residuals with the assumed thermal-noise model.
The first two use Bayesian model comparison, for which, assuming
equal prior model probabilities, the relative support for M; over M,
is quantified by the logarithmic Bayes factor

Z(d | M1))
Zd|My))’
where positive values favour M; and negative values favour M,

(Kass & Raftery 1995). We denote the simulated foreground-plus-21-
cm and foreground-only datasets by d2.+rgs and dgg, respectively.

InBia(d) = ln( (46)

3.5.1 Statistical Detection

Firstly, the statistical preference for a 21-cm signal is evaluated on
d»)+rGs through the detection Bayes factor

In Byg = In Z(dr14rGs | Ma14rcs) , @7

Z(da14¥Gs | Mrg)

such that In Bge, > 0 favours the joint foreground and 21-cm model
over the foreground-only hypothesis.

3.5.2 Null-test Validation

Secondly, the susceptibility to spurious detection is assessed by re-
peating this comparison on the foreground-only validation data, drg,
for which the validation Bayes factor is
d
In By = In Z(drg | Ma1+rGs) ~ 8)
Z(drg | Mrc)

Here, In Byy < 0 is required to favour the foreground-only model;
In By, > 0 instead indicates that the 21-cm component can absorb
residual foreground structure and therefore identifies a susceptibility
to spurious detection.

3.5.3 Goodness of Fit

Evidence ratios quantify the relative support between competing
models but do not establish whether the preferred model provides an
adequate description of the data. We therefore also test whether the
total residual is consistent with the assumed thermal-noise model.
Because the linear coefficients are analytically marginalised, we re-
construct their conditional maximum-a-posteriori values for each
equally weighted posterior sample, ¢ ;. Using the quantities defined
in Equation 39, these are given by

o~ —

b; =X (p))d, (49)
where d denotes the dataset associated with the fit. For each recon-
structed coefficient vector, we calculate the whitened residual statistic

2 A L i
¥} =(d-T5;) N (a-T15). (50)
This produces a distribution of residual statistics across the posterior,
which we summarise through its median,
Xres = median; x3. (51)
To test whether the residuals are consistent with the adopted noise

model, we compare this statistic with the corresponding noise-only
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Figure 5. Cross-comparison of the foreground-only simulations and models
as a function of their respective fields of view. The upper panel shows the
noise-weighted residual statistic for the maximum-a-posteriori foreground
reconstruction, /\/1%4 ap/ N, while the lower panel shows the Bayesian-evidence
ratio of each model relative to the best-supported model for each simulated
dataset. Each row is therefore normalised independently, with the white cross
marking its preferred model.

distribution, which for Ngq independent complex Gaussian noise sam-
ples follows 2 ~ Gamma(Nyg, 1). We therefore estimate the

R noise
upper-tail probability
q= P(Xﬁoise = frzes) (52)

from 1,000 draws of this distribution and require ¢ > Greshold =
0.01.

Overall, a validated detection must simultaneously satisfy all three
criteria: the signal-injected data must favour the joint model, the
foreground-only validation data must favour the foreground-only
model and the fitted residuals must be consistent with the assumed
thermal-noise model.

4 RESULTS AND DISCUSSION

We now evaluate the performance of the statistically optimal KL
foreground basis across both foreground-only and joint cosmolog-
ical analyses. Building on B23, we begin in Section 4.1 by cross-
comparing the foreground simulations and models introduced in
Sections 2 and 3.2, isolating the effects of sky extent and model
misspecification. We then introduce the cosmological component in
Section 4.2, presenting the recovered 21-cm power spectrum together
with the corresponding Bayesian validation results. Having estab-
lished a validated recovery, Section 4.3 examines its sensitivity to
the adopted 21-cm model field. Section 4.4 then quantifies the com-
putational gains enabled by the reduced basis. Finally, Section 4.5
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sets out a path towards broader systematic studies and application to
real observations.

4.1 Foreground-only Inference

We begin by examining how the angular extent of the foreground
model affects inference in the absence of a cosmological component.
For the foreground-only model, Mgg, marginalising the foreground
coefficients leaves no remaining parameters to sample, allowing
both the Bayesian evidence and maximum-a-posteriori reconstruc-
tion to be evaluated analytically, as described in Section 3.4. Figure 5
presents these metrics across all pairings of simulated and modelled
foreground fields of view (FOV), showing the residual statistic in the
upper panel and the log-evidence ratio between each model and the
best-supported model for that dataset in the lower panel. The diagonal
of each panel therefore represents matching simulated and modelled
fields of view; above it, the foreground simulation extends beyond the
model coverage, whereas below it the model encompasses a wider
field than is present in the data.

Before discussing the results, we first establish the a priori expec-
tation for these two diagnostics. Given that the models form a nested
sequence, each field of view encompasses all smaller fields. The
statistically controlled truncation should therefore allow the matched
and larger models to yield residuals consistent with the thermal noise.
In contrast, a smaller model should fail wherever emission beyond
its angular extent introduces structure in the visibilities outside the
space spanned by its basis. At the same time, the Bayesian evidence
balances this goodness of fit against the expansion of the prior vol-
ume through the Occam penalty (MacKay 1992). We therefore expect
the evidence to peak along the diagonal, with smaller models dis-
favoured through poorer fits and larger models through unnecessary
complexity.

Figure 5 confirms that all models whose fields of view match or
exceed the simulated foreground extent produce residuals consistent
with the assumed noise, while the evidence disfavours expansions of
the modelled field of view, and hence of the foreground basis, that do
not produce a corresponding improvement in fit. More notably, sev-
eral smaller-field models also provide noise-consistent reconstruc-
tions. This preference is largely confined to 6gg ~ 60°-140°, where
increasing the foreground extent introduces weakly beam-weighted
emission without yet adding the distinct visibility structure associated
with the horizon. Although the KL truncation removes visibility-
space structure that is not statistically required, the conservative
f = 0.1 threshold preserves the foreground covariance to below the
thermal-noise level, leaving each retained basis marginally broader
than required. This additional flexibility allows some smaller-field
bases to span the weak visibility structure contributed by emission
beyond their nominal angular extent and, because they achieve this
with fewer retained modes, they are consequently preferred by the
Bayesian evidence.

Crucially, the preference for smaller models does not persist once
the foreground reaches the horizon, establishing the need to model
the full visible sky. For the 180° dataset, the 160° model fails deci-
sively, yielding )(l%/[ ap/Na = 5.23, whereas the matched 180° model
produces noise-consistent residuals and is overwhelmingly favoured
by an evidence ratio of In(Z80/Zis0) = 1.06 x 10°. This transi-
tion coincides with the sharp rise in the number of required modes
identified in Figure 4, indicating that the preference is driven by the
distinct visibility structure introduced by horizon emission.
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Figure 6. Recovery of the cosmological 21-cm power spectrum as a function of foreground-model field of view, Org, with the cosmological-model extent fixed
at 61 = 25°. Five of the nine foreground extents are shown for clarity. The left panel presents the recovered power-spectrum amplitudes, reporting central 68 per
cent credible intervals for constrained bins and 95 per cent upper limits for the two lowest-k bins; the dashed line shows the injected spectrum. The right-hand
panels show the corresponding marginal posterior distributions within each spherical k-space bin, with shaded regions denoting the adopted prior support.
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Figure 7. Bayesian validation diagnostics for the joint foreground and cos-
mological 21-cm inference as a function of foreground-model field of view,
OrG, with 6,1 = 25°. The upper panel summarises the foreground-only val-
idation, signal-detection and residual-consistency outcomes defined in Sec-
tion 3.5. The lower panel shows the joint-model log evidence relative to the
best-supported configuration (navy; left axis) and the median noise-weighted
residual statistic (red; right axis), with the dashed red line marking the thermal-
noise expectation.

4.2 Joint Inference

Having established the performance of the foreground model in iso-
lation, we now test whether the parameterised cosmological and KL
foreground representations can simultaneously span the structure
present in full-fidelity wide-field simulations while remaining suffi-

ciently informed for their contributions to be separated. We assess
this through joint recovery of the cosmological 21-cm power spec-
trum, with the resulting posterior distributions and corresponding
validation metrics shown in Figures 6 and 7, respectively. To isolate
the effects of foreground misspecification, we analyse paired datasets
sharing the same full-sky foreground realisation, with one contain-
ing foreground emission alone and the other additionally containing
the cosmological signal described in Section 2.2.2. We analyse each
dataset using the complete range of foreground-model fields while
fixing the cosmological-model field at 6;; = 25°. The effect of
cosmological-model field of view is then studied independently in
Section 4.3.

Given the results established in Sections 3.2.3 and 4.1, it is perhaps
unsurprising that every model with 6gg < 180° fails to recover the
injected 21-cm power spectrum accurately. More importantly, how-
ever, the correspondence between the biased posteriors in Figure 6
and the validation metrics in Figure 7 provides a clear demonstration
of the need for rigorous, evidence-based validation in 21-cm cosmol-
ogy. In each misspecified model, unmodelled foreground structure
is absorbed by the cosmological component, producing significantly
biased power-spectrum constraints and a statistical preference for a
cosmological signal despite not being present in the data, In By, > 0.
Together, these results demonstrate the susceptibility of 21-cm infer-
ence to spurious detection under foreground misspecification. Re-
assuringly, the full-field model recovers the injected spectrum and
satisfies all three criteria, thereby providing end-to-end validation of
the joint inference framework developed in this work.

For the validated full-field model, we obtain direct detections of
the injected power across k = 0.3—1.8 Mpc™', while placing a strin-
gent upper limit at k = 0.2 Mpc~! and a less constraining upper limit
atk = 0.1 Mpc™!. The reduced sensitivity in these two lowest-k bins
exposes how the chromatic primary beam and fringe response couple
angular and spectral foreground structure into the measured visibil-
ities, creating complex degeneracies with the cosmological signal.
Although more informative foreground priors could further tighten
these constraints, recovering statistically well-founded upper limits
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Figure 8. Recovery of the cosmological 21-cm power spectrum as a function of cosmological-model field of view, 8,;, with the foreground-model extent fixed
at Org = 180°. The left panel presents the recovered power-spectrum amplitudes, reporting central 68 per cent credible intervals for constrained bins and 95
per cent upper limits for the two lowest-k bins; the dashed line shows the injected spectrum. The right-hand panels show the corresponding marginal posterior
distributions within each spherical k-space bin, with shaded regions denoting the adopted prior support.

rather than spuriously attributing unresolved foreground structure to
the 21-cm signal demonstrates the strength of the physically moti-
vated joint modelling and analytical marginalisation developed here.

4.3 Effect of the 21-cm Model Field of View

Having validated the wide-field foreground model using a conserva-
tively large cosmological field of view, we next investigate the extent
to which the 21-cm model field of view can be reduced without bias-
ing the recovered power spectrum. We repeat the joint inference with
a fixed Opg = 180° foreground model while varying 65, from 5° to
25°. Figure 8 shows that the recovered power spectra are statistically
indistinguishable for 6,; = 10°-25° and accurately recover the in-
jected signal, whereas the 5° model produces biased constraints. The
Bayesian evidence in Table 3 reveals the same threshold, assigning
substantially less support to the 5° model while remaining largely
unchanged across the larger fields, therefore further supporting its
evaluation through providing a direct diagnostic of misspecification
when the resulting posterior might otherwise appear credible.

For the observational configuration considered here, a
cosmological-model field of #;; = 10° is therefore sufficient, re-
ducing the number of marginalised 21-cm coefficients to just 5, 396.
More generally, the minimum field required will depend on the am-
plitude of the cosmological signal, the instrumental response and the
observational noise level. Nevertheless, at the central frequency, this
field contains 92.3 per cent of the total beam-squared response over
the visible sky, providing a useful indication of the angular coverage
required for instruments with different primary beams. This angular
restriction therefore provides one route to controlling cosmological-
model dimensionality; for future longer-baseline analyses requiring
finer transverse Fourier sampling, it could be combined with the
within-k-bin KL compression noted in Section 3.3.
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Table 3. Relative Bayesian evidence for the joint foreground and cosmological
21-cm inference as a function of cosmological-model field of view, 6,;, with
the foreground-model extent fixed at 6rg = 180°. Values are relative to the
best-supported configuration, 6,; = 25°, such that Aln Z5;4rgs = 0 denotes
the preferred model.

621 [°]  Aln Za14rcs
5 -326.83
10 -2.06
15 -0.50
20 -0.43
25 0.00

4.4 End-to-End Computational Performance

Overall, the framework developed in this work provides a compu-
tationally scalable route to physically motivated Bayesian inference
of the cosmological 21-cm power spectrum in the presence of wide-
field foreground contamination. For the g = 180° and 6,; = 10°
configuration validated here, the KL representation collapses the
original 300, 767 foreground parameters to 4, 155 retained modes.
Combined with the 5,396 cosmological coefficients, the joint lin-
ear model totals just 9,551 parameters, all of which are analytically
marginalised, leaving only the nine power-spectrum amplitudes in
the sampled parameter space.

Within the marginalised likelihood of Equation 39, the prin-
cipal computational cost is the factorisation and solution of the
Nmarg X Nmarg System X(¢). For the configuration considered here,
this corresponds to a 9,551 X 9,551 complex128 matrix occupying
1.46 GB, with each likelihood evaluation taking ~ 47 ms. Using
225 live points, MuLTINEST required 17,403 likelihood evaluations,
completing posterior sampling and Bayesian-evidence evaluation in
13.6 min on a single H100 GPU.

Without the KL reduction, the same marginal likelihood can be
evaluated through the Ny X N4 data-space covariance, a 54,990 X
54,990 complex128 matrix occupying 48.4 GB. The unreduced im-



plementation has an estimated working-space memory requirement
of ~ 539 GB, requiring six 96-GB H100 GPUs. At an assumed ~ 9
s per likelihood evaluation, completing the same inference would
require ~ 261 GPU-hours. Including the one-time KL construction
described in Section 3.2.4, the reduced analysis requires only ~ 0.32
GPU-hours in total, giving an estimated computational saving of
~ 830 relative to this implementation. Under these assumptions, the
upfront construction is amortised after only ~ 6 likelihood evalua-
tions.

4.5 Future Directions

Having established a scalable framework for the joint recovery and
validation of the 21-cm power spectrum, we now consider how it
can be extended beyond the analysis presented here. These directions
encompass quantifying the impact of instrumental uncertainties and
identifying those requiring explicit modelling (Section 4.5.1), ex-
ploring likelihood-free approaches to compressing and marginalising
physically motivated nuisance models (Section 4.5.2), and adapting
the framework for application to real interferometric observations
(Section 4.5.3). Although motivated by 21-cm cosmology, the chal-
lenge of propagating nuisance uncertainty is shared across a broad
range of science cases using interferometric visibility data.

4.5.1 Instrumental Systematics and Validation

While this work has focused on foreground-model misspecification
under the assumption of a perfectly calibrated instrument and known
primary beam, a natural extension is to apply the same valida-
tion framework to datasets containing controlled misspecification
throughout the instrumental signal chain. Relevant effects include
calibration errors, primary-beam perturbations, cable reflections and
mutual coupling, all of which can introduce spectral structure that is
degenerate with the cosmological signal (Sims et al. 2022a,b; O’Hara
et al. 2024; Murphy et al. 2024; Rath et al. 2025; O’Hara et al. 2025).

Through a systematic exploration of how these effects propagate
through to the cosmological recovery in end-to-end inference, the
framework can establish the instrument- and observation-specific
tolerances required for reliable signal recovery, which is a primary
motivation of the VALSKA validation toolkit.> Where a contribution
cannot reliably be known to the required accuracy, as is the case for
the foreground structure motivating this work, the same analysis can
identify which uncertainties must instead be explicitly parameterised
within the physical forward model and marginalised during inference
(Sims et al. 2022a; Wilensky et al. 2024, 2025; Kern 2025).

4.5.2 Learned Compression and Simulation-Based Inference

The KL construction developed here shows that the prior-predictive
uncertainty of a high-dimensional, physically motivated nuisance
model can be compressed into a statistically optimal visibility-space
basis. The resulting reduction renders repeated evaluation of the
marginalised likelihood computationally tractable.
Simulation-based inference (SBI) offers a complementary route
to inference with high-dimensional nuisance models (Cranmer et al.
2020). Although the visibility likelihood can be written explicitly, the
challenge demonstrated here lies not in defining it but in marginal-
ising it over a large nuisance-parameter space. SBI instead learns
the posterior distribution of the parameters of interest directly from

2 https://github.com/uksrc/ValSKA
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end-to-end realisations drawn from the full prior-predictive model,
marginalising implicitly over all nuisance contributions (Alsing &
Wandelt 2019; Miller et al. 2021; Bhardwaj et al. 2023; Alvey et al.
2024; Saxena et al. 2024). For interferometric data, this requires an in-
formative low-dimensional summary of the visibilities to be learned
jointly with the inference network (Charnock et al. 2018; Makinen
et al. 2021; Lehman et al. 2024; Tutt et al. 2026b), a task that may
benefit from recent, more flexible SBI architectures (Gloeckler et al.
2024), with the simulation and training costs amortised across subse-
quent analyses. Developments in neural evidence estimation (Jeffrey
& Wandelt 2024; Gessey-Jones & Handley 2024; Leeney et al. 2026)
and misspecification tests for SBI (Anau Montel et al. 2024) would
further allow such approaches to be incorporated within the Bayesian
validation framework adopted here.

4.5.3 Application to Real Data
[TODO: Peter: Going to let you fill this in]

5 CONCLUSIONS

In this work, we have presented a scalable extension of BAyEsEoR
that enables statistically rigorous recovery and validation of the cos-
mological 21-cm power spectrum in the presence of wide-field fore-
ground contamination. The principal methodological developments
are:

o A wide-field foreground model: We replace the tangent-plane
uv parameterisation used by previous implementations with a spher-
ical image-domain representation in physical brightness-temperature
units, allowing foreground emission across the full visible sky to be
propagated through the primary beam and three-dimensional fringe
response and thereby accurately capturing wide-field effects at the
horizon.

e A statistically optimal latent representation: A prior- and
noise-informed Karhunen-Loeve decomposition compresses the
physically generated prior-predictive foreground covariance into its
noise-relevant visibility-space modes. Its exact rank is bounded by
rrg < min(Ng, NFG,param), With the noise-relative truncation reduc-
ing the retained dimensionality further while providing direct statis-
tical control over the omitted foreground uncertainty.

o Scalable joint inference and validation: Incorporating the re-
duced representation within the analytically marginalised likelihood
propagates the same physically motivated foreground uncertainty
while allowing a far smaller system to be solved. This enables ef-
ficient posterior recovery of the 21-cm power spectrum alongside
the Bayesian-evidence evaluation required for rigorous end-to-end
validation.

We first show that the constructed basis’ retained rank provides
a direct statistical measure of the dimensionality of foreground un-
certainty induced in visibility space. Expanding the model across
intermediate fields of view, where the additional emission is strongly
downweighted by the primary beam, produces only modest growth in
the retained rank. Extending the model to the horizon (160° — 180°),
however, increases the retained rank from 898 to 4,155 modes,
demonstrating the substantial additional structure introduced by the
horizon response. Although this effect is well established through
simulations, to our knowledge this is the first direct statistical quan-
tification of its noise-relevant visibility-space complexity.

The importance of accurately modelling this additional horizon
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structure becomes clear in the joint inference, for which every fore-
ground model restricted to Ogg < 180° produces biased power-
spectrum constraints and spuriously favours a 21-cm component
when applied to foreground-only validation data. By contrast, the
full-field model both recovers the injected spectrum and passes all
three validation criteria. This agreement between the accuracy of
the recovered power spectrum and the Bayesian validation outcome
demonstrates how the evidence can distinguish a robust recovery
from an apparently plausible but ultimately spurious detection.

Having established the required foreground extent, we then inves-
tigate how far the cosmological model can be reduced without com-
promising recovery. For the configuration considered here, a field
of 6 = 10°, containing 92.3 per cent of the total beam-squared
response over the visible sky at the central frequency, is sufficient to
provide detections across 0.3 < k < 1.8 Mpc™! and informative up-
per limits on the two largest-scale bins. These upper limits reflect the
genuine degeneracy between foreground and 21-cm structure on the
largest scales after coupling through the instrumental response. They
therefore caution against interpreting constraints on these modes
without explicitly propagating the physical foreground—instrument
coupling, since unresolved foreground structure may otherwise be
attributed to the cosmological signal.

For this validated configuration, the KL construction reduces the
full 300, 767-parameter foreground representation to 4, 155 retained
modes. Together with the 5,396 cosmological coefficients, the joint
inference therefore marginalises over 9, 551 parameters rather than
306, 163. This allows the complete posterior and Bayesian evidence
to be evaluated in 13.6 min on a single H100 GPU, corresponding to
an estimated computational saving of ~ 830 relative to the unreduced
GPU-resident implementation once construction of the KL basis is
included.

Overall, this work establishes that the physical fidelity required for
full-sky foreground modelling need not come at prohibitive compu-
tational cost. By combining statistically optimal compression with
rigorous Bayesian validation, the framework provides a scalable
foundation for robust cosmological inference from next-generation
interferometric observations.
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